Abstract. We study properties of the Weyl pseudometric associated with an action of a countable amenable group on a compact metric space. We prove that the topological entropy and the number of minimal subsets of the closure of an orbit are both lower semicontinuous with respect to the Weyl pseudometric. Furthermore, the simplex of invariant measures supported on the orbit closure varies continuously. We apply the Weyl pseudometric to Toeplitz sequences for amenable residually finite groups. We introduce the notion of a regular Toeplitz sequence for an arbitrary amenable residually finite group and demonstrate that all regular Toeplitz sequences define minimal and uniquely ergodic systems. We prove path-connectivity of this family with respect to the Weyl pseudometric. This leads to a new proof of a theorem of Fabrice Krieger [J. Lond. Math. Soc. 
Introduction
Given a dynamical system one may measure the distance between two points by computing an averaged distance along their orbits. This leads to new (pseudo)metrics (there is more than one way of averaging along the orbit) and it is expected that these new metrics may be useful to describe the dynamics of the system. One of the tools used in such studies is the Weyl pseudometric D W given, for a dynamical system (X, T ) and x, y ∈ X by D W (x, y) = lim sup
where X is a compact metric space, T : X → X is a continuous map, and ρ is a metric on X. Following Downarowicz and Iwanik we call the convergence with respect to the Weyl pseudometric the quasi-uniform convergence. This term was introduced by Jacobs and Keane in [27] . They proved that if {x n } n∈N tends to x quasi-uniformly and with respect to the usual topology, and every element of the sequence {x n } n∈N is strictly transitive (that is there is only one Borel probability invariant measure on the closure of its orbit), then so is x. This result was generalized by Iwanik in [26] . Further dynamical consequences of the quasi-uniform convergence were studied by Downarowicz and Iwanik [19] , Blanchard [9] , and Salo and Törmä [37] .
It occurs that the above definition of Weyl pseudometric can be extended to dynamical systems given by an amenable group action. We study the properties of the quasi-uniform convergence in this wider setting. We prove that the topological entropy of the system induced on a closure of an orbit of a point and the number of the minimal components of it are both lower semicontinous with respect to the Weyl pseudometric. We show that the simplices of invariant measures of such systems vary continuously (when we endow the family of all non-empty compact sets of invariant measures with the Hausdorff metric induced by the Prokhorov metric).
We also prove that in the case of shift action entropy is a continuous function with respect to the Weyl pseudometric. This extend results from [19] and can be applied to study properties of transitive dynamical systems.
Among such systems there are those given by the closure of an orbit of a Toeplitz sequence. Such sequences were introduced by Jacobs and Keane in [27] and have already proved to be a powerful tool to illustrate numerous remarkable properties of dynamical systems [2, 15, 20, 21, 22, 25, 33, 42] . Using Toeplitz sequences one can construct for instance strictly ergodic systems with positive entropy or minimal systems which are not uniquely ergodic [33, 42] . The authors of [25] proved that they correspond to a special class of expansive Bratteli-Vershik systems, while in [2] they are interpreted as Delone dynamical systems induced by model sets of a cut-and-project schemes.
Toeplitz sequences for amenable residually finite group actions have also been studied extensively [11, 12, 13, 22, 28, 29] . It is shown that Toeplitz subshifts correspond naturally to minimal symbolic almost one-to-one extensions of subodometers [12] (see also [20, 33] ). The authors of [13] proved that every metrizable Choquet simplex can be realized as a simplex of invariant measures of some Toeplitz shift. In [29] the maximal equicontinuous factor of a Toeplitz subshift was described. We introduce regular Toeplitz sequences for an amenable residually finite group actions and show that they generate strictly ergodic systems with zero topological entropy.
In [28, Theorem 1.1] Krieger proved that for any number t in [0, log k) there exists a Toeplitz sequence over k-letter alphabet such that its entropy is equal to t. This in particular means that there are uncountably many pairwise not conjugated Toeplitz dynamical systems. In this paper we obtain the Kieger theorem as an easy consequence of the properties of the quasi-uniform convergence we have proved. To be more specific, we show that the family of Toeplitz sequences is pathconnected with respect to the Weyl pseudometric. This enables us to establish paths of Toeplitz sequences with continuously varying entropy. Thanks to that to prove the Krieger theorem it is enough to find a Toeplitz sequence with arbitrarily large entropy which is much easier than constructing a Toeplitz sequence with entropy equal exactly to a given number.
Notation, Basic Definitions and Setting
Throughout this paper G denotes a discrete countable amenable group with a neutral element e, (X, ρ) is a compact metric space and Fin(G) is the family of all non-empty finite subsets of G. Without loss of generality we assume that sup{ρ(x, y) : x, y ∈ X} ≤ 1.
Countable amenable groups can be defined in many equivalent ways. Here we characterize them using Følner sequences. We say the group G is amenable, if it admits a (left) Følner sequence. Recall that a sequence {F n } n∈N ⊂ Fin(G) is a (left) 1 Følner sequence if
Given F, K ∈ Fin(G) and ε > 0 we say that F is (K, ε)-invariant if |KF △F | ≤ ε|F |. Note that if F = {F n } n∈N is a Følner sequence, then for every ε > 0 and K ∈ Fin(G) there exists N ∈ N such that F N is (K, ε)-invariant. 1 We used the adjective to distinguish left Følner sequences from their right-and two-sided analogues. In a similar vain many notions related to non-commutative groups have "left" and "right" variants. For brevity, we will use adjectives "left/right" only in definitions and routinely omit them later, since the choice of right/left variant of every notion we use is fixed throughout the paper.
Let X G be the set of all functions from G to X. For any x ∈ X we let Gx to be the orbit of x, that is Gx equals {gx : g ∈ G}. By x G ∈ X G we denote the trajectory of x defined by {x G } g = gx.
Let M(X) be the family of Borel probability measures on X. We consider M(X) as a metric space with the Prokhorov metric D P : M(X) × M(X) → R + defined as
where B ε = {y ∈ X : there exists x ∈ B such that ρ(x, y) < ε}. It is known that this metric gives the weak * topology on M(X) (see [8, p. 238] , [36] ). In particular, (M(X), D P ) is a compact metric space. Let M G (X) be the simplex of Borel probability G-invariant measures. Amenability of G implies that M G (X) is non-empty. We denote by M e G (X) the family of all G-invariant Borel probability ergodic measures. A point x ∈ X is generic for µ ∈ M G (X) with respect to a Følner sequence F = {F n } n∈N if
whereδ z denotes the Dirac measure supported at z. A point x ∈ X which is generic for µ ∈ M G (X) is called regular if it belongs to the support of µ.
A Følner sequence F = {F n } ∞ n=1 is called tempered if for some C > 0 and all n ∈ N one has
Every Følner sequence has a tempered subsequence [31, Proposition 1.5.]. In particular every amenable group has a tempered Følner sequence. It follows from the ergodic theorem for amenable group actions [31, Theorem 1.3.] that given any tempered Følner sequence F and any ergodic measure µ one can find a generic point for µ with respect to F .
By H we denote the Hausdorff metric induced by the Prokhorov metric on the space of all non-empty compact subsets of M(X), that is, for non-empty closed sets A, B ⊂ M(X) we set
Recall that a pseudometric on a set Y is a function p : Y × Y → R + which obeys the triangle inequality and is symmetric. If f : (Y, p) → R ∪ {∞}, we say that f is lower semicontinuous if whenever p(x n , x) → 0 as n → ∞ one has lim inf
and (Z, p Z ) are pseudometric spaces we define the continuity of f : Y → Z in a natural manner.
We say that a set S ⊂ G is (left) syndetic if there exists a finite set
The properties of being syndetic and thick are dual:
• A set S ⊂ G is left syndetic if and only if for every right thick set T one has S ∩ T = ∅.
• A set T ⊂ G is right thick if and only if for every left syndetic set S one has T ∩ S = ∅.
A countable group G is residually finite if there exists a nested sequence {H n } n∈N of finite index normal subgroups such that
Let (Z, G) be a subsystem of (X, G), that is let Z be a closed G-invariant set. We say that Z is minimal if there are no non trivial subsystems of (Z, G). Equivalently, Z is minimal if for every z ∈ Z the orbit Gz is dense in Z. A point x ∈ X is called transitive if the set Gx is dense in X.
Let F be a family consisting of some functions from a (pseudo)metric space (Y, p Y ) to a (pseudo)metric space (Z, p Z ). We say that F is uniformly equicontinuous if for every ε > 0 there exists a function R + ∋ ε → δ(ε) ∈ R + such that for every f ∈ F and all y 1 , y 2 ∈ Y satisfying p Y (y 1 , y 2 ) < δ(ε) one has p Z (f (y 1 ), f (y 2 )) < ε. We call the function δ a modulus of equicontinuity of F . If {F (k) : k ∈ K} is a family of families of functions, we say that modulus of equicontinuity do not depend on k ∈ K if there exists a function δ which is a modulus of equicontinuity of F (k) for every k ∈ K. Analogously we define a modulus of uniform equivalence of (pseudo)metrics.
3. The Besicovitch Pseudometric and the Weyl Pseudometric 3.1. The Besicovitch Pseudometric. The Besicovitch pseudometric, which we describe below, gives one way of measuring distances between orbits of points. Besicovitch used a similar notion in his study of almost periodic functions. The Besicovitch pseudometric was also considered by Aulsander [1] , Fomin [23] and Oxtoby [35] and, more recently, in [9, 14, 17, 24, 30, 34] .
The Besicovitch pseudometric on X G with respect to a Følner sequence
The Besicovitch pseudometric on (X, G) with respect to F , also denoted by D B,F , equals the D B,F -distance between orbits, that is for
Repeating the proof of [30, Lemma 2] with obvious modifications we get the following: 
3.2.
Densities. In the further considerations we need the notion of Banach density which we briefly recall. For F ∈ Fin(G) and A ⊂ G define 
where the supremum is taken over all Følner sequences F = {F n } n∈N .
It is also known that the upper Banach density is equal to extremal densities is 12 and Si 21 introduced by Solecki [40, 41] and the Kelley intersection number which can be defined also for nonamenable groups. We refer to [3, 4, 5] for definitions and properties of these notions.
The lower Banach density of A is given by
Note that one also has
where F = {F n } n∈N is any Følner sequence.
Clearly for any
, then we say that there exists the Banach density of A and denote it by D(A).
3.3.
The Weyl Pseudometric. Below we describe various definitions of Weyltype pseudometrics and relations between them. Our considerations are summarized by Theorem 13.
For x, x ′ ∈ X G and F ∈ Fin(G) define
Remark 3. It follows from Lemma 5 below that D W (x, x ′ ) does not depend on the choice of the Følner sequence F and from Corollary 7 that the above upper limit is in fact a limit.
One can also consider the Weyl pseudometric as a pseudometric on (X, G),
is called the quasi-uniform convergence. The term was coined by Jacobs and Keane [27] who considered the convergence in D W + ρ on (X, Z).
For a yet another characterization of Weyl pseudometric we need some machinery from [16] .
• satisfies Shearer's inequality (see [16] ) if for any F ∈ Fin(G) and any k-cover
is G-invariant and satisfies Shearer's inequality.
Proof. It is obvious that H is G-invariant. We will show that it satisfies Shearer's inequality. Let F ∈ Fin(G) and let (K 1 , . . . , K r ) be a k−cover of F . Because every element of F belongs to
obeys the infimum rule, that is, for each Følner sequence F = {F n } n∈N we have
Proof. By [16, Proposition 3.3] every G-invariant, non-negative function on Fin(G)
that satisfies Sharer's inequality, obeys the infimum rule. Therefore the claim follows from Lemma 4.
We will need the following theorem which comes from [[32, Theorem 6.1]].
monotone, subadditive and such that H(∅) = 0, then for any Følner sequence F = {F n } n∈N the expression H(F n )/|F n | converges as n → ∞. Moreover, the limit does not depend on the Følner sequence.
Corollary 7. The upper limit in the definition of the Weyl pseudometric is in fact a limit.
The idea of the proof of the next lemma is similar to the one used in [7, Lemma 3.3] .
Proof. By the definition of a Følner sequence, for every {g n } n∈N ⊂ G and every Følner sequence {F n } n∈N , the sequence {F n g n } n∈N is also Følner.Therefore the right hand side of the requested equality is greater than or equal to the left one.
By Lemma 5 to prove the converse inequality it is enough to show that for every finite set K ⊂ G and there exists t ∈ G such that for every β ∈ (0, 1) satisfying
To this end choose a Følner sequence {F n } n∈N and {k n } n∈N ր ∞ satisfying
Since K is finite, there exists n ≥ N such that for every k ∈ K one has
Consequently, for n large enough and any k ∈ K one has 1
which leads to
Therefore there exists t ∈ F kn satisfying the requested condition and the claim follows.
Lemma 1 yields immediately the following corollaries. It occurs that if (X, G) is a shift space (symbolic dynamical system), then the Besicovitch pseudometric is uniformly equivalent with thed-pseudometric measuring the upper density of the set of coordinates at which two symbolic sequences differ. As a corollary we get an analogous claim for the Weyl pseudometric and the upper Banach density. We omit the proof of Theorem 11 as it follows the same lines as [19, Proposition 1, Corollary 1] (see also [30, Theorem 4] ).
Given a continuous function f :
and for any family K of continuous functions from X to R and a Følner sequence
Theorem 11. Let (X, G) be a dynamical system and let K be a uniformly equicontinuous and uniformly bounded family of real-valued functions on X such that Observe that any finite family K is uniformly equicontinuous and uniformly bounded. In particular, taking K = {ι e }, where ι e (x G ) = x e yields the following corollary.
Corollary 12.
If A is a finite set with discrete topology, then for every Følner sequence F = {F n } n∈N the Besicovitch pseudometric associated with any admissible metric on the product space A G endowed with the shift action of G and thed Fpseudometric on A G given bȳ
are uniformly equivalent and a modulus of uniform equivalence does not depend on F . Therefore an analogous statement is true for the Weyl pseudometric, that is
To sum up this section we gather the facts about the Weyl pseudometric in one theorem.
Theorem 13. Let G be a countable amenable group acting on a compact metric space (X, ρ). Fix any Følner sequence {H n } n∈N . Then for any x, z ∈ X G one has
If X is a finite set with discrete topology and X G is endowed with the shift action of
Quasi-uniform Convergence and Simplices of Measures
Given a finite set F ⊂ G and a sequence x = {x g } g∈G ∈ X G denote by m(x, F ) ∈ M(X) the empirical measure of x with respect to F , that is let
whereδ z denotes the Dirac measure supported at z. Fix a Følner sequence F = {F n } n∈N . We will now describe measures obtained by taking limits of finitely supported measures read along segments of a sequence. A measure µ ∈ M(X) is a distribution measure for a sequence x = {x n } ∞ n=0 ∈ X G if µ is a weak-* limit of some subsequence of {m(x, F n )} ∞ n=1 . The set of all distribution measures of a sequence x (with respect to F ) is denoted byω F (x). Clearlyω F (x) is a closed and nonempty subset of M(X). For x ∈ X we putω F (x) =ω F (x G ).
Remark 14.
If the Følner sequence satisfies |F n |/|F n+1 | → 1 as n → ∞ and F n ⊂ F n+1 for every n ∈ N, then for every x ∈ X G the setω F (x) is connected.
Proof. Fix x ∈ X G . Let B be a Borel set. One has
and soω F (x) is connected by [38] .
Remark 15. For every ε > 0 there exists a dynamical system (X, G), a Følner sequence F = {F n } n∈N and x ∈ X such thatω F (x) is not connected and
Proof. Consider G = Z and X = {0, 1} Z . Let σ be the shift map. Choose a metric ρ : X × X → R + which gives the product topology and satisfies
Clearly, O ∪ E =ω F (x). Moreover, one can easily see that if µ ∈ E, then for every η < 1/2 one has µ( [1] η
. Therefore dist DP (O, E) > 0 and so O ∩ E = ∅. Since both O and E are non-empty and closed,ω F (x) is not connected.
where the union is taken over all Følner sequences F . Denote also
Notice that F is a Følner sequence andω F (x) = {µ}. Hence the claim follows. Downarowicz and Iwanik proved that the map, which we may describe in our notation as x → M Z (x) is continuous when one considers the Weyl pseudometric on (X, Z) and the Hausdorff metric H on the family of nonempty compact subsets of M Z (X) (see [19] , Theorem 2). In other words, if x n → x as n → ∞ quasiuniformly in X, then M Z (x n ) tends to M Z (x) in H. We are going to show an analogous result for the map x → M(x) which maps X G equipped with D W to the space of nonempty compact subsets of M(X) equipped with the Hausdorff metric H.
Remark 17. In [9] it was proved that in general the topology generated by the Weyl pseudometric is neither separable, nor complete. In particular, it is not compact.
Repeating the proof of [30, Theorem 7] with the obvious modifications we get the following theorem.
Moreover, δ does not depend on the choice of the Følner sequence F .
In particular, if x, z ∈ X, x is generic for µ ∈ M G (X) with respect to a Følner sequence F and D B,F (x, z) = 0, then also z is generic for µ with respect to F .
As a straightforward consequence of Theorem 18 and Lemma 8 we get the following theorem.
To prove Lemma 23 we need two technical lemmas. We omit their easy proofs.
Lemma 21. Let F ∈ Fin(G) and x, y ∈ X. If for every f ∈ F one has ρ(f x, f y) ≤ ε, then D P (m(x, F ), m(y, F )) ≤ ε.
To prove the opposite one pick µ ∈ M G (Gx) and fix a tempered Følner sequence F = {F n } n∈N . It follows from the Krein-Milman theorem that
where for every n ∈ N and 1 ≤ j ≤ n one has p
It follows from Remark 16 that it is enough to prove that for every ε > 0 there exists a Følner sequence F ε = {F k,ε } k∈N such that for every k ∈ N large enough one has
Let x 1 , . . . , x n be regular generic points with respect to F for ν
n , respectively. Choose K ∈ N such that for every k ≥ K and 1 ≤ i ≤ n one has
Using Lemma 21 and the fact that for every 1 ≤ j ≤ n there exists infinitely many g ∈ G such that ρ(gx, x j ) < δ, one can find
We set
Clearly F ε = {F k,ε } k∈N is a Følner sequence as the number of shifted copies of Følner sets which we take the union of does not depend on k. Moreover it follows from Lemma 22 and (1) that
This finishes the proof.
As a corollary of Theorem 20 and Lemma 23 we get the following.
Remark 25. It is known that the number of extreme points of a compact convex subset of a locally compact space varies lower semicontinuously when we endow the space of compact sets with Hausdorff metric. Therefore it follows from Corollary 24 that the number of ergodic invariant measures supported at Gx is lower semicontinuous with respect to the Weyl pseudometric.
Topological Entropy
This section generalizes [19, Section 5] . Fix a dynamical system (X, G). Pick a Følner sequence {F n } ∞ n=0 . For an open cover U of the space X denote by N (U) the minimal cardinality of a subcover of U. The join of U with another open cover V, denoted U ∨ V is given by
The operation of joining of covers is associative and can be iterated. Given f ∈ G one can form a cover f −1 U = {f −1 U : U ∈ U}. Let F = {f 1 , . . . , f s } ⊂ G be a finite set. By U F we understand the cover
The following limit is called the topological entropy of a system (X, G) with respect to a cover U:
Note that it follows from Theorem 6 that the above limit exists and does not depend on the choice of the Følner sequence. The topological entropy of the action of G is defined as
U is an open cover of X}.
We refer the reader to [10, 43] for properties of this notion.
Remark 26. In [16, Theorem 6.8] it is shown that
Let F ∈ Fin(G) and δ, ε ∈ (0, 1]. A set Z ⊂ X is called • (F, ε)-separated if for every x, z ∈ Z with x = z there exists g ∈ F such that ρ(gx, gz) > ε, • (F, ε)-spanning if for every x ∈ X there exists z ∈ Z such that for every g ∈ F one has ρ(gx, gz) ≤ ε, • (F, ε, δ)-spanning if for every x ∈ X there exists z ∈ Z such that |{g ∈ F : ρ(gx, gz) ≤ ε}| > (1 − δ) · |F |,
• (F, ε, δ)-separated if for every x, z ∈ F either x = z or |{g ∈ F : ρ(gx, gz) > ε}| > δ · |F |.
Fix a Følner sequence F = {F n } n∈N . Denote by s(n, ε), r(n, ε),s(n, ε, δ),r(n, ε, δ) the maximal cardinality of an (F n , ε)-separated set, minimal cardinality of an (F n , ε)-spanning set, maximal cardinality of an (F n , ε, δ)-separated set, and the minimal cardinality of an (F n , ε, δ)-spanning set, respectively. Define
It is known that h s (X, G) = h r (X, G) = h top (X, G) and we will show thath s (X, G) = h r (X, G) = h top (X, G). We need the following Lemmas. For the proof of Lemma 27 see for example [39, Lemma I.5.4]. Lemma 28 is an analog of [19, Lemma 3] .
for n ≥ 1.
Lemma 28. For any finite open cover U of the space X one has h(U, G) ≤ h r (X, G).
Proof. Let 2ε be the Lebesgue number of U. Fix δ ∈ (0, 1/2). We will show that
Fix n ∈ N. Let Z be a (F n , ε, δ)-spanning set such that |Z| = r(n, ε, δ). For every K ⊂ F n and y ∈ Z define
where B(gy, ε) = {a ∈ X : ρ(gy, a) < ε}. Notice that V (y, K)
It follows from the choice of Z that the above implies (2). Notice that E S (δ) → 0 as δ → 0 and so (2) implies the claim of the theorem.
Lemma 29. One hash s (X, G) =h r (X, G).
Proof. Notice that for every n ∈ N, ε > 0 and δ ∈ (0, 1] one has r(n, ε, δ) ≤ s(n, ε, δ) ≤ r(n, 2ε, δ).
This clearly implies the claim.
Theorem 30. In the notation introduced above one hash
s (X, G) =h r (X, G) = h top (X, G).
Proof. It follows from Lemma 28 and Lemma 29 that
. This finishes the proof of the theorem.
For any x ∈ X define h(x) as the topological entropy of G-action induced on Gx, that is h(x) = h top (Gx, G). We will show that the function which goes from the space X equipped with D W to R + ∪ {∞} with the natural topology and assigns to every x ∈ X the value of h(x) is lower semicontinuous. This generalizes the result from [19] where analogous claim is proved for the action of Z.
For x ∈ X, n ∈ N, ε > 0 and δ ∈ (0, 1] define s(x, n, ε, δ) as the maximal cardinality of (F n , ε, δ)-separated set in the system (Gx, G). Similar reasoning shows that if h(x) = ∞ and {y n } n∈N ⊂ X is such that D ′ W (x, y n ) → 0 as n → ∞, then h(y n ) → ∞ as n → ∞. This completes the proof.
As a corollary of Theorem 32 and Corollary 9 we get the following. Proof. Fix a Følner sequence F = {F n } ∞ n=1 and ε > 0. Let B Fn (x) denote the number of different configurations of shape F n that appear in x. Taking a subsequence if necessary we may assume that
Pick 0 < δ < 1/4 so that t < 2δ implies E S (t) < ε. Note that D W (x, x ′ ) < δ implies that for all g ∈ G we have |{f ∈ F n : x f g = x ′ f g }| < 2δ|F n | for all n large enough. By Lemma 27 we have for all n large enough that
Interchanging the roles of x and x ′ finishes the proof.
The Number of Minimal Components of Gx
Let m(x) : (X, D W ) → N ∪ {∞} assign to every x ∈ X the number of minimal components of Gx. In this section we will prove that the function m is lower semicontinuous. This is a generalization of [19, Theorem 1] . For any x ∈ X and A ⊂ X define the set of return times N (x, A) as N (x, A) = {g ∈ G : gx ∈ A}.
Lemma 36. If Z ⊂ Gx is an invariant set, then for any ε > 0 the set N (x, Z ε ) is thick.
Proof. We have to show that for every finite set F ⊂ G one can find γ ∈ N (x, Z ε ) such that for every f ∈ F −1 one has f γx ∈ Z ε . Choose y ∈ Z. Let δ ∈ (0, ε/2) be such that for all a, b ∈ X with ρ(a, b) < δ one has ρ(f a, f b) < ε for every f ∈ F −1 . There exists γ ∈ G such that ρ(γx, y) < δ. This means that γ ∈ N (x, Z ε ) and for every f ∈ F −1 one has ρ(f γx, y) < ε. This implies that f γx ∈ Z ε .
The next Lemma combines [6, Proposition 2.18] and [19, Lemma 1].
Lemma 37. Let (X, G) be a transitive dynamical system and x ∈ X be such that X = Gx. Then the following conditions are equivalent: exist m points z 1 , . . . , z m ∈ X such that for every ε > 0 the set
Proof. To prove the implication (1) ⇒ (2) let N 1 , . . . , N p be all minimal subsets of X. Note that for z ∈ X the set Gz is nonempty, closed and invariant and hence contains N i for some
where N i 's are as in (2) . Choose an open set U such that U ∩ P i = ∅ for every 1 ≤ i ≤ p. Then there exists g ∈ G such that x ∈ V := gU . Since
it is enough to show that N (x, V ) is syndetic. Suppose that it is not true. Let {F n } n∈N be an increasing sequence of finite sets whose union is equal to G. Then for every n ∈ N one can find γ n ∈ G such that for every f ∈ F n one has f γ n x / ∈ V . Let y ∈ X be a limit point of {γ n x} n∈N . Then Gy ∩ V = ∅, which contradicts (2).
The implication (3) ⇒ (4) is obvious and we will show that (4) implies (1). To this end suppose that m(x) > m. Let Z 1 , . . . Z m+1 ⊂ Gx be disjoint minimal sets. Choose ε > 0 such that for any i = j one has dist(Z i , Z j ) > 2ε. Notice that for any set Z consisting of m points z 1 , . . . , z m there exists Proof. Fix x ∈ X. Let m ∈ N fulfill m(x) > m. Choose Z 1 , . . . , Z m+1 ⊂ X such that Z i ∩ Z j = ∅ for i = j and for every 1 ≤ i ≤ m + 1 the set Z i is minimal. Let ε > 0 be such that dist(Z i , Z j ) > 2ε for every i = j. We will show that for any y ∈ X with D ′ W (x, y) < ε/6 one has m(y) > m. Fix such a point y. Let {F n } n∈N be a fixed Følner sequence. There exists N ∈ N such that for every g ∈ G one has
Let δ ∈ (0, ε/3) be such that for all a, b ∈ X and g ∈ F N the inequality ρ(a, b) < 2δ implies that ρ(ga, gb) < ε/3. Let Z(y) = {z 1 , . . . , z m(y) } be constructed as in Lemma 37 for y. There exists a finite set F ⊂ G such that F N (y, Z(y) δ ) = G. In other words, for every γ ∈ G one has
s and ρ(g(s)y, z r(s) ) < δ. Notice that for more than the half of elements f ∈ F N one has
Consequently, if s = t, then also r(s) = r(t). Therefore m(y) ≥ m + 1 > m. This finishes the proof.
Remark 39. [19, Example 2] shows that there exists a dynamical system (X, Z) such that the function m is not continuous.
Toeplitz Sequences
Let (A , d) be a finite space with a discrete metric. An element x ∈ A G is called a Toeplitz sequence if for every g ∈ G there exists a finite index subgroup H ⊂ G such that one has x(Hg) = x(g). For a finite index subgroup H ⊂ G and a ∈ A define:
Per H (x) = g ∈ G : x(g) = x(γg) for every γ ∈ H ,
x(γg) = a for every γ ∈ H .
Notice that x ∈ A G is a Toeplitz sequence if
Thorough this section we assume that G is a countable amenable residually finite group. Note however that in the Proposition 55 the assumption of the amenability of G is redundant. Similarly, the definition of Toeplitz sequence do not force G to be amenable.
Let
be a decreasing (that is, H 1 ⊃ H 2 ⊃ . . .) sequence of subgroups with finite index in G (we do not assume here that the intersection of H i 's is trivial). The discrete space X i = G/H i (for i ≥ 0) together with natural projections π i : G/H i+1 → G/H i form an inverse system. The inverse limit of the system lim ←− (G/H i , π i ) is called the G-odometer and is denoted byĜ. The odometer is exact if all defining subgroups H i are normal. Every G-odometer has a natural G action.
Remark 40. Notice thatĜ is not necessarily equal to a profinite completion of G as here we consider only subgroups from the fixed sequence {H n } n∈N .
We say that a sequence of finite index subgroups {H n } n∈N is a skeleton of x ∈ X G if the following conditions are satisfied:
• for every n ∈ N one has H n+1 ⊂ H n , • n∈N Per Hn (x) = G,
• for every n ∈ N one has Per Hn (x) = ∅, • for every n ∈ N if for some g ∈ G and every a ∈ A one has Per Hn (x, a) = Per Hn (gx, a), then g ∈ H n .
Theorem 41 ([12], Corollary 6). Every Toeplitz sequence has a skeleton.
Our goal now is to give a definition of a regular Toeplitz sequence. To justify that the regularity of a Toeplitz sequence (or configuration) does not depend on the choice of a skeleton we need the following results from [12] . Note that the standing assumption in [12] is that G is finitely generated. But the inspetion of proofs in [12] leads to the conclusion that the results we need hold without that assumption.
is the maximal equicontinuous factor of the minimal system (Gx, G) and there is a factor map π : Gx →Ĝ such that
i , π i ) be two G-odometers. For i ∈ {1, 2} and j ∈ N letẽ 
G is a Toeplitz sequence and {H
i } i∈N are skeletons of x, then for every i ∈ N there exists k ∈ N such that H (1)
Proof. LetĜ 1 ,Ĝ 2 be G-odometers associated with {H (1) i } i∈N and {H (2) i } i∈N , respectively. It follows from Lemma 43 that to prove our claim it is enough to construct a factor map π :
j 's are defined as in Lemma 43. For i ∈ {1, 2} denote by π i : (Gx, G) → (Ĝ i , G) factor maps provided by Theorem 42. Let F be a fiber of π 1 . Defineπ
We call a Toeplitz sequence x ∈ A G regular if there exists a skeleton {H n } n∈N of x such that sup
Remark 45. It follows from Corollary 44 that if x is regular, then for every skeleton
Remark 46. Note that if for every N ∈ N the group G has only finitely many finite index subgroups of index at most N then there exists a universal sequence of finite index subgroups {H n } n∈N such that for every finite index subgroup Γ there exists n ∈ N such that H n < Γ. To see this enumerate finite index subgroups as Γ 1 , Γ 2 , . . . and define
We say that x ∈ A G is periodic if there exists a finite index subgroup H of G such that x(g) = x(γg) for every g ∈ G and γ ∈ H. In other words Per H (x) = G.
The following lemma is well-known (cf. [18, Lemma 2.6] ).
Recall that a fundamental domain of a subgroup H of finite index is a set F such that for every g ∈ G we have |Hg ∩ F | = 1.
Lemma 48. Let H be a finite index subgroup of G and K be a fundamental domain for H. If B is a union of cosets of H, then
Proof. If B is a union of cosets of H, then so is its complement. Hence it is enough to show that D * (B) = |B ∩ K|/|K|. Let F = {F n } n∈N be a Følner sequence. Fix ε > 0 and pick N ∈ N so that for every n ≥ N , the set F n is (K, ε/|K|)−invariant. Define S = {s ∈ F n : Ks ⊆ F n }. By Lemma 47 we get
Since K is a fundamental domain one has
On the other hand g ∈ F n belongs to at most |K| translates of K. Thus
Combining (3), (4) and (5) we obtain
Dividing both sides by |F n ||K| we get
Taking upper limit on the right hand side leads to
Since ε > 0 and F are arbitrary, we see
On the other hand for every t ∈ G we have
Corollary 49. For every j ∈ N and every x ∈ A G the Banach density of Per Hj (x) exists. To see this note that if g ∈ Per Hj (x), then also hg ∈ Per Hj (x) for every h ∈ H j . Therefore Per Hj (x) consists of m cosets with respect to H j for some 0 ≤ m ≤ |G : H j |.
Remark 50. The above corollary remains true if we skip the assumption that A is finite and assume that A is a compact metric space.
Lemma 51. Every regular Toeplitz sequence is a quasi uniform limit of a sequence of periodic sequences.
Proof. Fix a regular Toeplitz sequence x = {x g } g∈G . Let (H n ) be a skeleton of x. Note that H 0 ⊃ H 1 ⊃ H 2 ⊃ . . . ⊃ {e} and so Per Hm (x) ⊂ Per Hn (x) for m ≤ n.
and the claim follows from the regularity of x.
The next lemma is well known and easy to prove.
Lemma 52. If x ∈ A G is a periodic sequence, then h(x) = 0 and | M G (x)| = 1. 
To the end of the paper we fix a Følner sequence {F n } n∈N which satisfies the conditions of Lemma 54. For g ∈ G and m ∈ N denote byg (m) an equivalence class of g in G/H m . If x ∈ A G is a Toeplitz sequence such that n∈N Per Hn (x) = G, then we say that x is a Toeplitz sequence with respect to {H n } n∈N . We denote bŷ µ the Haar measure onĜ. Let ϕ : G →Ĝ be the natural homomorphism defined as ϕ(g) = g
Let P k be the clopen partition ofĜ into |G :
as the union of all sets in n∈N P n on which f is constant.
The following proposition gives a characterization of Toeplitz sequences with respect to {H n } n∈N .
Proposition 55. Let f :Ĝ → A be a map satisfying U (f ) ⊃ ϕ(G). Then the sequence given by η(g) = f (ϕ(g)) is a Toeplitz sequence with respect to {H n } n∈N . Moreover, if {η(g)} g∈G is a Toeplitz sequence with respect to {H n } n∈N , then there exists
Proof. Suppose that U (f ) ⊃ ϕ(G). For g ∈ G, there exists k ∈ N and a cylinder P ∈ P k containing ϕ(g) such that f is constant on P . We claim that for every h ∈ H k one has η(g) = η(hg). Clearly, h ∈ H k impliesh (i) =ẽ (i) for every i ≤ k. Thus for every P ∈ P k and x = {x n } n∈N ∈ P ⊂Ĝ we have
G is a Toeplitz sequence with respect to {H n } n∈N . Let g ∈ G. Then g ∈ Per H k (η, a) for some k ∈ N and a ∈ A . Define f (x) = a for every x ∈ [g (k) ]. For all x ∈Ĝ on which f is not already defined let f be arbitrary. We claim that f is well defined. To see that suppose that
] for some g, γ ∈ G and k, l ∈ N. Without loss of generality we may assume that k ≤ l.
It is also clear that ϕ(G) ⊂ U (f ). Therefore the proof is completed.
Remark 56. Note that in the proof of Proposition 55 we did not use that the sequence {H n } n∈N satisfies conditions of Lemma 54.
Remark 57. We claim that if f is constructed as in Proposition 55 for a Toeplitz sequence x ∈ A G , then x is regular if and only ifμ(U (f )) = 1. To see this note that
where the last equality follows from Lemma 48.
Proposition 55 and Lemma 58 below are needed to prove that the space of all Toeplitz sequences with respect to {H n } n∈N is path-connected with respect to D W (Theorem 59). Later on we give also the proof of an analogous fact for the family of all Toeplitz sequences. Note that the second claim neither implies nor follows from the first one.
For
Lemma 58. Let η 1 and η 2 be Toeplitz sequences with respect to {H n } n∈N and f 1 , f 2 be corresponding functions from Proposition 55. Then
Proof. Fix a continuous function
For every n ∈ N define h n :Ĝ → R as h n (x) = h(ϕ(γ x g n )), where γ x ∈ F n is such that x ∈ [ γ x g n (n) ]. Clearly for every n ∈ N the function h n is continuous and for every x ∈Ĝ one has lim n→∞ h n (x) = h(x). Moreover, one can assume that for every n ∈ N and x ∈Ĝ one has h n (x) < p(
Taking infimum over h we get the claim. Note also that since for every n ∈ N the set F n is a fundamental domain of G/H n we can interpret elements ofĜ as the sequences which for every n ∈ N have on the n-th coordinate some element of F n . Then for every g ∈ G the sequence ϕ(g) is eventually constant. To see this fix g ∈ G. Since G = N ∈N F N there exists N ∈ N such that g ∈ F N . But for every n ≥ N one has F n ⊃ F N ∋ g and so ϕ(g) n = g and so the claim follows. Hence we can assume that ψ(ϕ(G)) is contained in the family of left endpoints of I j n 's. Letf :Ĝ → A andḡ :Ĝ → A be such that U (f ) ∩ U (ḡ) ⊃ ϕ(G). To finish the proof it is enough to construct functions f t : J → A for t ∈ [0, 1] satisfying:
Define f t as follows:
. Indeed, let q ∈ J and q = t. We assume that q > t as the proof in the other case is analogous. Then, there exists ε > 0 such that I := (q − ε, q + ε) ⊂ (t, 1]. That means that for every x ∈ I ∩ J one has f t (x) =f (ψ −1 (x)) and so ψ −1 (q) ∈ U (f • ϕ) which implies that ψ −1 (q) ∈ U (f t • ψ). It remains to show that if t ∈ ψ(ϕ(G)), then ψ −1 (t) ∈ U (f t • ψ). But t is the left endpoint of some interval in J k and so there exists a cylinder P ⊂Ĝ such that t ∈ ψ(P ) and ψ(P ) ⊂ J k . Clearly, f t (x) =f (ψ −1 (x)) on ψ(P ) and ψ −1 (t) ∈ U (f ), which implies t ∈ U (f t • ψ).
Take s, t ∈ [0, 1] such that s < t. Then:
Therefore we get R(f s • ψ, f t • ψ) → 0 as t → s which together with Lemma 58 implies the claim. For n ≥ 1 let D n (s) and D n (t) be constructed as above for s and t, respectively. We can assume that t ≥ s and hence for every n ≥ 1 one has D n (t) ⊃ D n (s). Then
This completes the proof.
Theorem 61 extends [19, Proposition 6] where the analogous statement is proved for Toeplitz sequences indexed by the group of integers. Proof. Pick two Toeplitz sequences z = {z g } g∈G and z ′ = {z ′ g } g∈G ∈ X G . We will construct a path For t ∈ [0, 1] define u (t) = {u (t) g } g∈G as follows: u
Therefore to finish the proof it is enough to show that for every t ∈ [0, 1] the sequence u (t) is a Toeplitz sequence. To this end fix t ∈ [0, 1] and g ∈ G. Let H < G be a finite index subgroup of G such that g ∈ Per H (x (t) ) ∩ Per H (z) ∩ Per H (z ′ ) (such a subgroup exists as an intersection of finite number of finite index subgroups is a finite index subgroup). Then for every h ∈ H one has u (t) Theorem 62. Let G be a countable amenable residually finite group and A be a finite set. Then for every number h ∈ [0, log |A |) there exists a Toeplitz sequence η ∈ A G such that h(η) = h.
Proof. It follows from Theorem 59 (or Theorem 61), Theorem 35 and Lemma 52 that it is enough to show that for every γ ∈ (0, 1) one can find a Toeplitz sequence η ∈ A G such that h(η) ≥ γ log |A |. Fix γ ∈ (0, 1). Let {F n } n∈N be a Følner sequence satisfying conditions of Lemma 54. Define {k n } n∈N ⊂ N in the following way. Let k 0 = 0. Assume that we have already defined k n for some n ∈ N. Pick k n+1 such that F kn+1 contains at least |A | |F kn | copies of F kn . For any n ∈ N let r n = ⌊(1 − γ)|F kn |/2 n ⌋. Choose a sequence {G n } n∈N of subsets of G such that:
• for every n ∈ N one has |G n | = r n and G n ⊂ F kn ,
• n∈N g∈Gng (kn) = G.
Now construct η ∈ A G as follows. On F 0 let η be arbitrary. For every g ∈ G 0 and h ∈g (k0) let η(h) = η(g). Assume that we have defined η on F kn ∪ n j=0 g∈Gjg (kj ) for some n ∈ N.
This means that in every copy of F kn in F kn+1 there are in F kn+1 . On each of these copies define η in a different way so that every configuration over S n can be found in F kn+1 . This in particular means that
For every g ∈ G n+1 and h ∈g (kn+1) put η(h) = η(g). The construction is finished. It is easy to see that η is a Toeplitz sequence. Moreover, one has h(η) ≥ lim sup n→∞ 1 |F kn | log |B F kn | ≥ γ log |A |.
